A Criterion for the t-Vertex Condition of Graphs  by Reichard, Sven
Journal of Combinatorial Theory, Series A 90, 304314 (2000)
A Criterion for the t-Vertex Condition of Graphs
Sven Reichard1
BochumBeer-Sheva, and Department of Mathematical Sciences, University of Delaware,
Newark, Delaware 19716
Communicated by Sasha Ivanov
Received July 15, 1998
Combining two concepts of regularity of graphs, namely k-isoregularity and the
t-vertex condition, a generalization of a classical result by Hestenes and Higman
is presented. As an application it is shown that two infinite series of graphs con-
structed by Brouwer, Ivanov, and Klin which are not rank 3 satisfy the 5-vertex
condition.  2000 Academic Press
1. INTRODUCTION
Strongly regular graphs have been in the interest of algebraic com-
binatorics as ‘‘combinatorial approximations’’ of rank 3 graphs, that is of
graphs with rank 3 automorphism groups. Whereas the latter can be
completely classified (via the classification of finite simple groups), see, e.g.,
[11, 14], little is known about the classification of strongly regular graphs.
Thus it is worthwhile to create more rigid axiomatics modelling rank 3
graphs on a local, combinatorial level.
One approach to such a model is the concept of the t-vertex condition,
where the numbers of certain subgraphs containing a given pair of vertices
are required to be an invariant of the graph. It has been conjectured [4]
that there is a fixed t0 such that any graph which satisfies the t0 -vertex
condition is a rank 3 graph.
Hestenes and Higman proved a criterion for strongly regular graphs to
satisfy the 4-vertex condition. We will give a generalization of their
result for arbitrary t3. To do this, another concept of regularity
(k-isoregularity) is used.
A. V. Ivanov constructed a first example of a rank 4 graph of order 256
satisfying the 5-vertex condition. Later it was proven to be the first member
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of a series of graphs with the 4-vertex condition; we will show that in effect
the members of this series satisfy the 5-vertex condition.
2. PRELIMINARIES
In this section we will give definitions which will be used throughout
the text.
2.1. Graphs
The graphs which we will consider will be finite simple graphs. A graph
in these terms is a pair 1=(V(1 ), E(1 )), where V(1 ) is a finite set of
vertices and E(1 ) is a symmetric anti-reflexive binary relation on V(1 ).
The number of vertices will be called the order of 1. A pair (x, y) is called
a loop if x= y; it is called an edge if (x, y) # E(1 ), and it is called a non-
edge if it is neither a loop nor an edge. Sometimes we will call these three
classes of pairs of vertices colors of the graph.
Two vertices x and y are called adjacent if (x, y) # E(1 ). The set 1 (x) of
all vertices adjacent to a given vertex x will be called the neighbor set of x.
The valency of x in 1 is the cardinality of its neighbor set. A graph is called
regular if the valency of the vertex x does not depend on the choice of x.
Let S be a subset of vertices of 1. The graph with vertices S where x and
y are adjacent if and only if they are in 1 will be called the subgraph of 1
induced by S.
Let 11 and 12 be two graphs of the same order. Let . be a bijection
V(11)  V(12) which preserves adjacency and non-adjacency. Then . is an
isomorphism from 11 to 12 , and the two graphs are called isomorphic.
Being isomorphic is an equivalence relation on the class of all graphs; its
equivalence classes are called isomorphic classes.
2.2. k-Isoregularity
We will generalize the concept of valency from vertices to sets of vertices.
This leads to the concept of k-isoregularity (see further comments in
Section 6).
Let SV(1 ) be a set of vertices. A vertex x in V(1 ) is called a neighbor
of S if it is adjacent to all elements of S. The valency of S is now the
number of its neighbors. Note that in this definition the valency of [x] is
equal to the valency of x as defined in the previous section.
Let 1k|V(1 )|. For any j-element subset S of V(1 ), jk, let the
valency of S depend only on the isomorphism class of the subgraph of 1
induced by S. Then 1 is called k-isoregular. Note that for k>1,
k-isoregularity implies (k&1)-isoregularity.
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For k=1 there is only one isomorphism class of subgraphs, namely
single points. Therefore 1-isoregularity is equivalent to ordinary regularity.
For k=2 there are two classes, namely edges and non-edges. The 2-isoregular
graphs are traditionally called strongly regular graphs; usually the valencies
of vertices, edges, and non-edges are denoted by k, *, +, respectively.
Strongly regular graphs have been thoroughly investigated [1].
It is possible to show that a graph is 3-isoregular if it is strongly regular
and all subconstituents (subgraphs induced by the neighbors resp. non-
neighbors of a vertex) are strongly regular too. This fact does not hold for
larger values of k; there are 3-isoregular graphs with 3-isoregular
subconstituents which are not 4-isoregular (so-called 3 12 -isoregular graphs,
see Section 6 for definition).
2.3. t-Vertex Condition
Here we will give the definition of another concept of regularity which
involves the number of certain induced subgraphs containing a given pair
of vertices, see, e.g., [4].
Let t be a natural number. Let 0t be the class of triples (1, ’, %), where
1 is a graph of order t, and ’ and % are (not necessarily distinct) vertices
of 1. Two elements (11 , ’1 , %1) and (12 , ’2 , %2) are said to be of the same
type if there is an isomorphism .: 11  12 which maps ’1 to ’2 and %1 to
%2 . This establishes an equivalence relation on 0t ; the equivalence classes
will be called types of graphs (of order t). The set of types of order t will
be denoted by Tt , and T=t=0 Tt .
For any type T # T we may choose a ‘‘canonical’’ (fixed) representative
R(T ). Any property of this representative invariant under graph
isomorphisms thus becomes an invariant of the type (e.g., its order or the
minimal valency of vertices).
For any T # Tt , R(T )=(1, ’, %) contains besides ’ and %, t&2
additional vertices. The minimum of the valencies of the additional vertices
in 1 will be called the minimal valency of T.
Let 1 be a graph, S an induced subgraph including x and y. S is said to
be of type T with respect to (x, y) if (S, x, y) belongs to T.
Suppose for 1 the number of induced subgraphs of type T with respect
to (x, y) # E(1 ) does not depend on the choice of the edge (x, y) for all
types of graphs from T1 , T2 , ..., Tt . Then 1 is said to satisfy the t-vertex
condition on edges. In the same way we define the t-vertex condition on
loops resp. non-edges.
A graph is said to satisfy the t-vertex condition if it satisfies it on edges,
non-edges, and loops.
The 2-vertex condition is equivalent to regularity, the 3-vertex condition,
to strong regularity.
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If the automorphism group of the graph acts transitively on the vertices,
edges, and non-edges (i.e., if it is rank 3) then it clearly satisfies the t-vertex
condition for any t. It looks therefore interesting to consider graphs which
satisfy the t-vertex condition, where t is rather large, but which don’t have
a rank 3 automorphism group.
3. SUFFICIENT CONDITIONS
To check whether a graph satisfies the t-vertex condition is in principle
a rather tedious task. For all pairs of vertices (x, y) and all types T of
graphs we have to count all graphs of type T with respect to (x, y). There
are a few criteria though to facilitate this task.
Lemma 1 (10). A graph satisfies the t-vertex condition if it satisfies the
2-vertex condition on loops (i.e., it is regular) and the t-vertex condition on
edges and non-edges.
So we need only test edges and non-edges. However, still we have to
check all types of graphs. One result by Hestenes and Higman is the
following:
Theorem 2 (7). Let 1 be a strongly regular graph. If for one type
T # T4 , R(T )=(2, ’, %) where ’ and % are adjacent, the number of graphs
of type T with respect to (x, y) does not depend on the choice of the edge
(x, y), then this holds for all types with respect to (x, y) from T4 , i.e., 1
satisfies the 4-vertex condition on edges. The same holds if edge is replaced
by non-edge in the above.
In the proof relations are established between the numbers of graphs of
different types; one obtains a system of linear equations of corank 1, thus
with one additional piece of information the system gets a unique solution.
Usually the number of complete (up to the edge or non-edge (x, y)) sub-
graphs are counted as shown in Fig. 1; their numbers are referred to as :
resp. ;. These graph types are just the types with a minimal valency of 3.
We want to prove the following generalization of Theorem 2:
Theorem 3. Let 1 be a k-isoregular graph which satisfies the (t&1)-vertex
condition. For all types of graphs T # Tt with a minimal valency which is
greater than k let the number of subgraphs of type T with respect to (x, y)
only depend on the color (edge, non-edge) of the pair (x, y). Then 1 satisfies
the t-vertex condition.
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FIGURE 1
The idea of the proof is the following: Let T be a type of order t, and
let z be a vertex of minimal valency in T. Then we consider the type T $
obtained from T by removing z. Since T $ is of order t&1 the number of
graphs of this type is a constant. Then we show that from this number we
can calculate the number of graphs of type T using the k-isoregularity of
1. Hence this number is a constant too, and 1 satisfies the t-vertex
condition.
3.1. An Invariant on Types
The proof of Theorem 3 is carried out by mathematical induction on a
linearly ordered invariant of the graph types, which will be defined in this
subsection.
Let T # Tt be a type of order t. Let m be the minimal valency of T, and
let n be the number of additional vertices in T having valency m (in T ).
Define the signature of T as _(T )=(m, n).
Let us now define an ordering on the set _(Tt). We say that (m, n)<
(m$, n$) iff either m>m$, or m=m$ and n<n$. This establishes a linear
ordering with minimal element (t, t&2). It also satisfies the following
property:
Lemma 4. Let T # Tt , _(T )>(t, t&2), and let z be an additional vertex
of minimal valency in T. Let T $ be a graph type obtained by adding one edge
through z. Then _(T $)<_(T ).
Proof. Let _(T )=(m, n), _(T $)=(m$, n$). We have to distinguish a few
cases:
v n=1. Here z is the only vertex of valency m in T, thus m$=m+1;
hence _(T $)<_(T ).
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v n=2. Let z1 , z2 be the vertices of the minimal valency. If the
additional edge is [z1 , z2] then we proceed as in the above case, otherwise
see the case below.
v n>2. Here z in T $ is not of minimal valency, thus m$=m and
n$=n&1, hence _(T $)<_(T ). K
Remark. It is clear that Lemma 4 remains valid if we add more than
one edge through z.
3.2. Subgraph Relation on Types
For graphs the relation of being an induced subgraph is a transitive
reflexive relation, in fact it is a partial order.
For graph types things are more complicated, since given two types
T, T $, for any representative 1 of T there might be several representatives
of T $ which are induced subgraphs of 1.
Thus we define a multi-relation S: T_T  N as follows. Let R(T1)=
(11 , x, y), then
S(T1 , T2)=|[(12 , x, y) # T2 : 12 is an induced subgraph of 11]|.
This relation is independent on the choice of the representative 11 .
3.3. Proof of Theorem 3
We will now prove Theorem 3 by induction on _(T ). Let A(T, x, y) be
the number of subgraphs of type T with respect to (x, y); if it only depends
on the color c of (x, y) we will denote it by A(T, c). The induction anchor
is given by the fact that A(T, c) is known for all T # Tt with a minimal
valency greater than k.
Thus let T # Tt be a type with a minimal valency less or equal to k, let
(x, y) be a pair of color c, and suppose A(T , c) is known for all types T
with _(T )<_(T ).
Let z be a vertex of minimal valency in R(T ). By removing z from R(T )
we obtain a graph G of some type T $ # Tt&1 , thus there is a graph
isomorphism .: G  R(T $), moreover the number A(T $, c) is known since
1 satisfies the (t&1)-vertex condition.
Let .(S) be the subgraph of R(T ) induced by the set of neighbors of z;
S is a subgraph of G. Since S contains at most k vertices and 1 is
k-isoregular, the valency s of S in 1 is well defined. Let a denote the
valency of .(S ) in R(T $).
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Now let us count the number C of pairs (2, w), where 2=(R(T $)) is
a graph of type T $ with respect to (x, y),  is suitable isomorphism, and
w is a neighbor of the set (.(S )). Altogether we get
C=A(T $, c) s.
On the other hand let us see what kind of graphs are induced by the set
V(2) _ [w]. We have to distinguish a few cases:
v w # 2. We get the graph 2. Since the valency of .(S ) in R(T $) is
equal to a, the total number of these cases is
A(T $, c) a.
v w  2 and we get a graph 4 of order t of type T {T. Then 4 con-
tains at least one extra edge through w (in comparison with T ). Hence (by
the remark to Lemma 4) T # 0, where 0 is the set of types with signature
less than _(T ). It follows that there are A(T , c) such graphs. The graph
R(T ) contains S(T , T $) graphs of type T $, a certain number b(T , T $) of
which satisfies the additional condition that the omitted vertex is a
neighbor of the image of S. Thus there are b(T , T $) pairs (2, w) corre-
sponding to each graph of type T ; the total number is
:
T # 0
A(T , c) b(T , T $).
v w  2 and we get a graph of type T. There are A(T, x, y) such
graphs, each will be obtained b(T, T $) times (b(T, T $) being defined as
above, and it is clear that in this case b(T, T $)1). The total number is
A(T, x, y) b(T, T $).
Comparing the two representations of C, we find that
A(T $, c) s=A(T $, c) a+ :
T # 0
A(T , c) b(T , T $)+A(T, x, y) b(T, T $)
 A(T, x, y)=
A(T $, c)(s&a)&T # 0 A(T , c) b(T , T $)
b(T, T $)
.
Since the right side only depends on the color of (x, y) so does A(T, x, y),
which proves the induction step and thus the theorem.
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4. CONSEQUENCES
Let us look at Theorem 2. Here2 we have a 2-isoregular graph satisfying
the 3-vertex condition (a strongly regular graph). So to check the 4-condi-
tion we have to check graphs with a minimal valency of 3. There are
only two such types, the complete graph and the graph obtained by it by
removing the edge (x, y).
A few more corollaries:
Corollary 5. A k-isoregular graph 1, k>1, satisfies the (k+1)-vertex
condition.
Proof. 1 is regular, thus it satisfies the 2-condition. The minimal
valency to test according to Theorem 3 is k+1. If tk+1 then no vertex
in a graph of order t has valency k+1. Thus by induction 1 satisfies the
t-condition for t=1, 2, ..., k+1. K
Corollary 6. If 1 is 3-isoregular, and hence satisfies the 4-vertex
condition, then for checking the 5-condition it is sufficient to count triangles
in 1 (x, y)=1 (x) & 1 ( y) for two possible colors of [x, y].
Proof. The minimal valency of graphs to be considered according to
the theorem is 4. Thus again only 2 types of graphs have to be considered,
one for each color, and the number is clearly the number of triangles in
1 (x, y) in each case. K
5. APPLICATIONS
The t-vertex condition is a combinatorial description of a property which
is certainly satisfied by rank 3 graphs. Thus it is interesting to find graphs
which are not rank 3 but satisfy the t-vertex condition for a rather large t.
A small example of such graph for the 5-condition was described by
A. V. Ivanov [8, 9]. He constructed a rank 4 graph 1 on 256 vertices and
showed that it satisfies the 5-condition, whereas its subconstituents 11 on
120 and 12 on 135 vertices satisfy the 4-vertex condition.
Later on Brouwer, Ivanov, and Klin [2] showed that these graphs are
the first members of infinite families. They proved that all graphs from the
series 1 and 11 are 4-vertex, and that the graphs 12 are strongly regular.
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2 Theorem 3 is a generalization of a weak form of the result by Hestenes and Higman,
where the graphs to be counted are those of minimal valency 3. To generalize it in its full
extent we note that in the proof above we obtain a triangular system of linear equations with
a certain corank C for the numbers A(T, c). Thus we only need need information about a
certain number of graph types to ensure a unique solution.
In [10] Ivanov constructed a second such series. It was conjectured that
1 satisfies the 5-vertex condition, and 12 , the 4-vertex condition.
We will show the 5-vertex condition for the graphs 1. Let us prove a
more general statement on a purely combinatorial level.
Let in a graph satisfying the 4-vertex condition : and ; denote the
numbers of the graphs of minimal valency 3 with respect to edges and non-
edges, respectively.
Theorem 7. Let 1 be a 3-isoregular graph. Let the first subconstituents
1 (x) satisfy the 4-condition such that : and ; do not depend on x. Then 1
satisfies the 5-vertex condition.
Proof. By Corollary 5, 1 satisfies the 4-vertex condition. Due to
Corollary 6 we only have to compute the numbers :5 and ;5 of triangles
in 1 (x, y) for xty, xt% y.
(:5) Let (x, y) be an edge. Choose z such that it is adjacent to both
x and y. Now we have to find two more vertices adjacent to x, y, z and to
each other, but since 1 (z) is satisfies the 4-vertex condition, this is just :.
As every graph was counted three times due to the choice of z, we find
:5=
*:
3
.
Similarly if (x, y) is a non-edge, we find
;5=
+;
3
.
Thus the theorem is proven. K
Combining the above with the results of Brouwer, Ivanov, and Klin we
get the 5-vertex condition for the two series mentionned before. We still
don’t know if the graphs 12 satisfy the 4-vertex condition.
DISCUSSION
v The author’s acquaintance with the notion of isoregularity goes back
to lectures by M. Klin at Beer-Sheva, fall 1995. In turn, Klin referred to the
following sources not available to the author (see also [12]): [5, 6, 13]. In
particular, the term isoregularity was suggested in [13]. The same notion
is discussed in [3] where it is called k-tuple regular graphs.
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v It was proved independently by P. J. Cameron and J. B. J. Buczak
(see references in [3]) and by Ja. Ju. Gol’fand [5] that each 5-isoregular
graph is absolutely regular, in other words is t-isoregular for every t. All
absolutely regular graphs are well known (see, e.g., [3, 12]), in particular,
they are rank 3 graphs. For this reason, practical importance of Theorem
3 is restricted to values k4.
(In fact, Gol’fand proved an even stronger result, namely each
4 12 -isoregular graph is absolutely regular. Here a graph 1 is called
k 12 -isoregular if it is k-isoregular and for each vertex x both subconstituents
are k-isoregular.)
v As it is mentioned in [10], besides two infinite series of graphs with
22n vertices, n4, considered there, there is one more class of graphs
known to satisfy the 4-vertex condition which are not rank 3 graphs: some
non-classical generalized quadrangles.
Recently the author has arranged with the aid of a computer an
investigation of a number of known strongly regular graphs (which are not
rank 3 graphs) to determine if they satisfy the 4-vertex condition.
This computer search resulted in discovering the fulfillment of the
4-vertex condition for one more graph: a strongly regular graph with the
parameters (v, k, *, +)=(280, 36, 8, 4), the automorphism group of which
is Aut(J2) in a rank 4 action (see [4] for more details about this graph).
We do not know any other graphs with such a property.
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